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Abstract
Let Z be a smooth Fano variety satisfying the condition that the rank of the Grothendieck group
of Z is one more than the dimension of Z. Let ωZ denote the total space of the canonical line bundle
of Z, considered as a non-compact Calabi–Yau variety. We use the theory of exceptional collections
to describe t-structures on the derived category of coherent sheaves on ωZ . The combinatorics of
these t-structures is determined by a natural action of an affine braid group, closely related to the
well-known action of the Artin braid group on the set of exceptional collections on Z.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let Z be a smooth Fano variety, and denote by ωZ the total space of its canonical
bundle, which we shall think of as a non-compact Calabi–Yau variety. Varieties of this sort
are often called local Calabi–Yau varieties in the physics literature. The aim of this paper
is to use exceptional collections of sheaves on Z to study certain sets of t-structures in the
derived categories of coherent sheaves on Z and ωZ . We shall describe the combinatorics
of these t-structures by introducing graphs, whose vertices are the t-structures, and whose
edges correspond to the operation of tilting a t-structure with respect to a simple object in
its heart.E-mail address: t.bridgeland@sheffield.ac.uk.
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tions of braid groups. The appearance of braid groups in this context is perhaps not too
surprising given the well-known action of the Artin braid group on sets of exceptional
collections discovered by Bondal [8] and Gorodentsev and Rudakov [16,17]. In fact Sec-
tion 3 of this paper, which deals with t-structures in the derived category of Z, consists of
a rephrasing of part of the theory of exceptional collections and mutations developed by
the Rudakov seminar [26] in the language of t-structures and tilting. Much of this story
was presumably known to the participants of this seminar. In Section 4 though we consider
t-structures on the derived category of coherent sheaves on ωZ ; here our results seem to be
new.
The main motivation for this work is that in a forthcoming paper [9] we shall use our
results in the case Z = P2 to describe an open subset of the space of stability conditions
[8] on the local Calabi–Yau threefoldOP2(−3). A related reason for studying this problem
is that the graphs of t-structures we construct bear a close resemblance to certain graphs
of quiver gauge theories constructed by the physicists Feng, Hanany, He and Iqbal [13].
The edges of the physicists’ graphs come from an operation which they call Seiberg dual-
ity. We hope that studying the relationship between the physicists’ computations and the
homological algebra described here will lead to some useful insights.
Throughout we shall assume that the variety Z has a full exceptional collection and
satisfies
dimK(Z)⊗ C = 1 + dimZ. (†)
Examples of such varieties include projective spaces, odd-dimensional quadrics [20] and
certain Fano threefolds [23]. In fact our main interest is in the case Z = P2. Other cases
not satisfying (†), such as Z = P1 × P1, are more interesting and difficult, but not so well
understood at present (see however [14] and [18,21,27]).
To understand the technical significance of the assumption (†), recall that the class of
strong exceptional collections is not closed under mutations. On the other hand, Bondal
and Polishchuk [6] introduced a class of strong exceptional collections (see Section 3.1 for
the definition), closed under mutations, which they referred to as geometric collections, and
showed that these collections exist only on varieties satisfying (†). They also showed that
any full exceptional collection consisting entirely of sheaves on such a variety is automat-
ically geometric. We shall work with full, geometric collections throughout, but following
[12] we prefer to call them excellent collections, since there is nothing particularly unge-
ometric about collections such as (O,O(1,0),O(0,1),O(1,1)) on P1 × P1 which do not
satisfy Bondal and Polishchuk’s conditions.
1.1. Let D = Db(CohZ) denote the bounded derived category of coherent sheaves
on Z. Rickard’s general theory of derived Morita equivalence [25] shows that any full,
strong, exceptional collection (E0, . . . ,En−1) in D gives rise to an equivalence of cate-
gories
Hom•
(
n−1⊕
Ei,−
)
:D→Db(ModA),D
i=0
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A = EndD
(
n−1⊕
i=0
Ei
)
.
As explained by Bondal [5], the finite-dimensional algebra A can be described as the path
algebra of a quiver with relations with vertices {0,1, . . . , n − 1}. We shall always assume
that the collection (E0, . . . ,En−1) is an excellent collection; the quiver then takes the form
• d1 • d2 • · · · • dn−1 •
with di = dim HomD(Ei−1,Ei) arrows connecting vertex i − 1 to vertex i.
Pulling back the standard t-structure on D(ModA) gives a t-structure on D whose heart
A⊂D is an abelian category equivalent to ModA. We call the subcategories A⊂D ob-
tained from excellent collections in this way exceptional. Any exceptional subcategory is
of finite length and has n simple objects S0, . . . , Sn−1 corresponding to the vertices of the
quiver. These simple objects have a canonical ordering coming from the ordering of the
exceptional objects Ei , or equivalently from the ordering of the vertices of the quiver.
Each simple object Si defines a torsion pair in A whose torsion part consists of direct
sums of copies of Si . Performing an abstract tilt in the sense of Happel, Reiten and Smalø
[19] leads to a new abelian subcategory LSi A⊂D which we refer to as the left tilt of A at
the simple Si . It turns out that, providing i > 0, the category LSi A⊂D is also exceptional,
and in fact corresponds to an excellent collection in D obtained from the original one by
a mutation. In contrast, the subcategory LS0 A has rather strange properties in general (see
Example 3.7).
The fact that mutations of exceptional collections give rise to an action of the Artin
braid group now translates as
Theorem 3.6. The Artin braid group An acts on the set of exceptional subcategories of D.
For each integer 1  i < n − 1 the generator σi acts by tilting a subcategory at its ith
simple object.
It is convenient to introduce a graph Str(Z) whose vertices are exceptional subcate-
gories of D, and in which two vertices are linked by an edge if the corresponding abelian
subcategories are related by a tilt at a simple object. In the case Z = P2 we shall show that
the action of Theorem 3.6 is free. It follows that each connected component of Str(P2) is
the Cayley graph of the standard system of generators of the group An.
1.2. Consider now the category Db(CohωZ). Any excellent exceptional collection
(E0, . . . ,En−1) in D determines an equivalence
Hom•
(
n−1⊕
π∗Ei,−
)
:Db(CohωZ) →Db(ModB),ωZ
i=0
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modules for the algebra
B = EndωZ
(
n−1⊕
i=0
π∗Ei
)
.
Note that the algebra B is infinite-dimensional. Nonetheless B can again be described as
the path algebra of a quiver with relations with vertices {0,1, . . . , n − 1}. This time the
quiver is of the form
• · · · •
•
d1
•
•
d0
•
•
dn−1
· · · •
with di arrows from vertex i − 1 to vertex i for 1 i  n− 1 as before, and
d0 = dim HomD(En−1 ⊗ωZ,E0)
arrows connecting vertex n− 1 to vertex 0.
Consider the full subcategory Dω ⊂Db(CohωZ) consisting of objects supported on the
zero section Z ⊂ ωZ . The equivalence above determines a t-structure on Dω whose heart
is an abelian subcategory B ⊂ Dω equivalent to the category of nilpotent representations
of the algebra B . Abelian subcategories B ⊂Dω obtained in this way will again be called
exceptional. Any exceptional subcategory of Dω is of finite length and has n simple ob-
jects S0, . . . , Sn−1 corresponding to the vertices of the quiver. These simple objects have
a canonical ordering coming from the ordering of the exceptional objects (E0, . . . ,En−1),
and for 1 i < n− 1, the abelian subcategory LSi B ⊂Dω is also exceptional, and corre-
sponds to an excellent collection in D obtained from the original one by a mutation.
The key new feature of the Calabi–Yau situation concerns the subcategory LS0 B. The
simple objects Si of an exceptional subcategory B ⊂ Dω are spherical objects. It fol-
lows from work of Seidel and Thomas [28] that there are associated autoequivalences
ΦSi ∈ AutDω, and we shall show that the image of the subcategory LS0 B ⊂ Dω under
the autoequivalence ΦSn−1 is an exceptional subcategory of Dω.
A subcategory B ⊂Dω will be called quivery if there is an autoequivalence Φ ∈ AutDω
such that the subcategory Φ(B) ⊂ Dω is exceptional. Thus, quivery subcategories of Dω
are finite length abelian categories, and from what was said above, they remain quivery
under the operation of tilting at a simple object. A slightly subtle point is that the simple
objects S0, . . . , Sn−1 of a quivery subcategory B ⊂ Dω have no canonical ordering, only
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ordered quivery subcategory to be a quivery subcategory B ⊂Dω together with an ordering
of its n simple objects (S0, . . . , Sn−1) compatible with the canonical cyclic ordering.
The combinatorics of the set of quivery subcategories of Dω is controlled not by the
Artin braid group An, but by a group Bn which is a quotient of the annular braid group
CBn, or alternatively, a semidirect product of the affine braid group A˜n−1 by the cyclic
group Zn. The reader is referred to Section 2.1 for the precise definitions of these groups.
Theorem 4.11. There is an action of the group Bn on the set of ordered quivery subcate-
gories of Dω. For each integer 0 i  n− 1 the element τi acts on the underlying abelian
subcategories by tilting at the ith simple object.
Introduce a graph Strω(Z) whose vertices are the quivery subcategories of Dω, and in
which two vertices are joined by an edge if the corresponding subcategories are related by
a tilt at a simple object. In the case Z = P2 we shall show that the action of Theorem 4.11
is free, and it follows that each connected component of the graph Strω(P2) is the Cayley
graph for the standard system of generators τ0, . . . , τn−1 of the affine braid group A˜n−1.
2. Preliminaries: Braid groups and tilting
This section consists of various basic facts and definitions we shall need; we include the
material here for the reader’s convenience, and to fix notation.
2.1. Braid groups
Given a topological space M , define the configuration space of n distinct, ordered points
in M
Cn(M) =
{
(m0, . . . ,mn−1) ∈ Mn: i = j ⇒ mi = mj
}
.
The symmetric group Σn acts freely on Cn(M) permuting the points.
The standard n-string Artin braid group An is defined to be the fundamental group of
the space Cn(C)/Σn. As is well known (see for example [4]), it is generated by elements
σ1, . . . , σn−1 subject to the relations
σiσjσi = σjσiσj for |i − j | = 1,
σiσj = σjσi for |i − j | > 1.
The centre of An is generated by the element
γ = (σ1 · · ·σn−1)n = (σn−1 · · ·σ1)n.
To visualize elements of the group An one can project points in Cn(C) to a far away line in
C to obtain a set of n points in R; a loop in the configuration space can then be thought of
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under the (i − 1)st.
We shall need the following easy result later.
Lemma 2.1. The element
δ = (σ1 · · ·σn−1)(σ1 · · ·σn−2) · · · (σ1σ2)σ1 ∈ An
has the property that δ−1σiδ = σn−i for 1 i  n− 1.
Proof. For 1 j  n− 1 set βj = σ1 · · ·σj . We are required to prove that
σiβn−1βn−2 · · ·β1 = βn−1βn−2 · · ·β1σn−i .
First suppose i > 1. By induction on n we can assume that
σi−1βn−2 · · ·β1 = βn−2 · · ·β1σn−i .
Multiplying both sides by βn−1 and noting that for 1 < i  n − 1 we have βn−1σi−1 =
σiβn−1 gives the result. To prove the result when i = 1 note first that σn−1 commutes with
βj if j  n− 3. Thus we are reduced to proving
σ1βn−1βn−2 = βn−1βn−1.
This follows by repeatedly applying the relation σiβn−1 = βn−1σi−1. 
The n-string (n 2) annular braid group is defined to be the fundamental group of the
space Cn(C∗)/Σn. It is generated by elements τi indexed by the cyclic group Zn, together
with a single element r , subject to the relations
rτir
−1 = τi+1 for all i,
τiτj τi = τj τiτj for |i − j | = 1,
τiτj = τj τi for |i − j | > 1.
For a proof of the validity of this presentation see [22]. Of more interest to us will be the
quotient group
Bn = CBn
/〈
rn
〉
.
The subgroup of Bn (or CBn) generated by the elements τ0, . . . , τn−1 is an affine braid
group; we denote it A˜n−1.
To visualize elements of these groups one can project points in Cn(C∗) out from the
origin onto a large circle to obtain n points in S1; a loop in the configuration space can
then be thought of as a braid of n strings lying on the surface of a cylinder. The element τi
corresponds to the ith string passing under the (i − 1)st; the element r corresponds to the
twist which for each i takes point i to point i + 1.
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1 −→ Fn −→ Bn h−→ An/〈γ 〉 −→ 1,
where Fn is the free group on n generators. The homomorphism h is defined by
h(r) = σ1 · · ·σn−1 and h(τi) = σi for 1 i  n− 1,
and its kernel is freely generated by the elements
αi = ri(τ1 · · · τn−1)r−(i+1), 0 i  n− 1.
Proof. We give two proofs, one geometric and the other algebraic. In geometric terms,
note that the space Cn(C∗)/Σn is homotopic to Cn+1(C)/Σn where Σn ⊂ Σn+1 is the
subgroup fixing n ∈ {0,1, . . . , n}. Forgetting the last point gives a fibration
Cn+1(C)/Σn → Cn(C)/Σn
whose fibre is C \ {m0, . . . ,mn−1}. This gives an exact sequence
1 −→ Fn −→ CBn h−→ An −→ 1.
Drawing suitable pictures it is easy enough to see that h acts on generators as claimed
in the statement, and that the elements αi correspond to loops in the fibre which freely
generate the fundamental group of C \ {m0, . . . ,mn−1}. Since h(rn) = γ the result follows
by taking quotients.
To see the result using just the presentation of Bn we follow an argument of Chow [11].
It is easy to check that the formula in the statement defines a homomorphism h : CBn →
An, and that the elements αi lie in its kernel and generate a normal subgroup K ⊂ CBn.
Furthermore h has a section An → CBn sending σi to τi for 1 i  n−1, and the induced
homomorphism An → CBn/K is surjective because in CBn/K one has r = τ1 · · · τn−1.
It follows that K is the kernel of h.
The only non-trivial part is to show that K ⊂ CBn is freely generated by the elements αi .
To see this, one needs to exhibit a representation of CBn in which they act freely. Let Fn
be the free group on generators xi indexed by i ∈ Zn, and define an action of CBn on Fn
by automorphisms using the formulae r(xi) = xi+1 and
τi(xi) = xi+1, τi(xi+1) = x−1i+1xixi+1, τi(xj ) = xj for j /∈ {i, i + 1}.
Then the element αi acts by sending each xj to xixj x−1i and it follows that the αi generate
the free group of inner automorphisms of Fn. 
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The reader is assumed to be familiar with the concept of a t-structure [2,15]. The fol-
lowing easy result is a good exercise.
Lemma 2.3. A bounded t-structure is determined by its heart. Moreover, if A ⊂ D is a
full additive subcategory of a triangulated category D, then A is the heart of a bounded
t-structure on D if and only if the following two conditions hold:
(a) if A and B are objects of A then HomD(A,B[k]) = 0 for k < 0,
(b) for every non-zero object E ∈D there are integers m< n and a collection of triangles
0 =Em Em+1 Em+2 . . . En−1 En
Am+1 Am+2 An
= E
with Ai[i] ∈A for all i.
It follows from the definition that the heart of a bounded t-structure is an abelian cate-
gory [2]. In analogy with the standard t-structure on the derived category of an abelian
category, the objects Ai[i] ∈ A are called the cohomology objects of A in the given
t-structure, and denoted Hi(E).
Note that the group AutD of exact autoequivalences of D acts on the set of bounded
t-structures: ifA⊂D is the heart of a bounded t-structure and Φ ∈ AutD, then Φ(A) ⊂D
is also the heart of a bounded t-structure.
A very useful way to construct t-structures is provided by the method of tilting. This
was first introduced in this level of generality by Happel, Reiten and Smalø [19], but the
name and the basic idea go back to a paper of Brenner and Butler [7].
Definition 2.4. A torsion pair in an abelian categoryA is a pair of full subcategories (T ,F)
of A which satisfy HomA(T ,F ) = 0 for T ∈ T and F ∈ F , and such that every object
E ∈A fits into a short exact sequence
0 → T → E → F → 0
for some pair of objects T ∈ T and F ∈F .
The objects of T and F are called torsion and torsion-free. The proof of the following
result [19, Proposition 2.1] is pretty-much immediate from Lemma 2.3.
Proposition 2.5 (Happel, Reiten, Smalø). Suppose A is the heart of a bounded t-structure
on a triangulated category D. Given an object E ∈D let Hi(E) ∈A denote the ith coho-
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Then the full subcategory
A = {E ∈D: Hi(E) = 0 for i /∈ {−1,0}, H−1(E) ∈F and H 0(E) ∈ T }
is the heart of a bounded t-structure on D.
In the situation of the lemma one says that the subcategory A is obtained from subcat-
egory A by tilting with respect to the torsion pair (T ,F). In fact one could equally well
consider A[−1] to be the tilted subcategory; we shall be more precise about this where
necessary. Note that the pair (F[1],T ) is a torsion pair in A and that tilting with respect
to this pair gives back the original subcategory A with a shift.
Now suppose A⊂D is the heart of a bounded t-structure and is a finite length abelian
category. Note that the t-structure is completely determined by the set of simple objects
of A; indeed A is the smallest extension-closed subcategory of D containing this set of
objects. Given a simple object S ∈A define 〈S〉 ⊂A to be the full subcategory consisting
of objects E ∈A all of whose simple factors are isomorphic to S. One can either view 〈S〉
as the torsion part of a torsion theory on A, in which case the torsion-free part is
F = {E ∈A: HomA(S,E) = 0},
or as the torsion-free part, in which case the torsion part is
T = {E ∈A: HomA(E,S) = 0}.
The corresponding tilted subcategories are
LSA=
{
E ∈D: Hi(E) = 0 for i /∈ {0,1}, H 0(E) ∈F and H 1(E) ∈ 〈S〉},
RSA=
{
E ∈D: Hi(E) = 0 for i /∈ {−1,0}, H−1(E) ∈ 〈S〉 and H 0(E) ∈ T }.
We define these subcategories of D to be the left and right tilts of the subcategory A at
the simple S respectively. It is easy to see that S[−1] is a simple object of LSA, and that
if this category is finite length, then RS[−1] LSA = A. Similarly, if RSA is finite length
LS[1] RSA=A.
The following obvious result will often be useful.
Lemma 2.6. The operation of tilting commutes with the action of the group of autoequiva-
lences on the set of t-structures. Take an autoequivalence Φ ∈ AutD. IfA⊂D is the heart
of a bounded t-structure on D and has finite length and S ∈A is simple, then Φ(A) ⊂D
is the heart of a bounded t-structure on D and has finite length, Φ(S) is a simple object of
Φ(A), and
LΦ(S) Φ(A) = Φ(LSA).Proof. This is a straightforward application of the definitions. 
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Throughout this section Z will be a smooth Fano variety and D will be its bounded
derived category of coherent sheaves. We shall assume throughout that Z satisfies the con-
dition
dimK(Z)⊗ C = 1 + dimZ. (†)
Although this is not necessary everywhere, some of the definitions would need to be mod-
ified for more general cases, and it is not clear exactly how this should be done (see [18]
for a more general approach).
3.1. Exceptional collections and mutations
We start by recalling some of the theory of exceptional collections developed by Bondal,
Gorodentsev, Polishchuk, Rudakov and others. For more information and proofs of some
of the following facts the reader is referred to the original papers [5,6,16,17,26].
An object E ∈D is said to be exceptional if
HomkD(E,E) =
{
C if k = 0,
0 otherwise.
An exceptional collection in D (or on Z) of length n is a sequence of exceptional objects
(E0, . . . ,En−1) of D such that
n− 1 i > j  0 ⇒ HomkD(Ei,Ej ) = 0 for all k ∈ Z.
The exceptional collection (E0, . . . ,En−1) in D is full if for any E ∈D
HomkD(Ei,E) = 0 for all 0 i  n− 1 and all k ∈ Z ⇒ E ∼= 0.
An exceptional collection (E0, . . . ,En−1) is strong if for all 0 i, j  n− 1 one has
HomkD(Ei,Ej ) = 0 for k = 0.
As we shall see in the next subsection, strong exceptional collections define equivalences
of D with derived categories of module categories. Pulling back the standard t-structure
allows us to define new t-structures on D. Thus if we are interested in t-structures on D
exceptional collections are not enough: we need strong collections.
Given two objects E and F of D, define a third object LE F of D (up to isomorphism)
by the triangle
LE F → Hom•D(E,F )⊗E
ev−→ F,
where ‘ev’ denotes the canonical evaluation map. It is easy to see that if (E,F ) is an
exceptional collection then so is (LE F,E). The object LE F is called the left mutation of
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[5,16,17].
Theorem 3.1 (Bondal, Gorodentsev, Rudakov). The braid group An acts on the set of
exceptional collections of length n in D by mutations. For 1  i  n − 1, the generating
element σi acts by
σi(E0, . . . ,En−1) = (E0, . . . ,Ei−2,LEi−1 Ei,Ei−1,Ei+1, . . . ,En−1).
Strong exceptional collections do not remain strong under mutations in general. A good
example is the strong collection (O,O(1,0),O(0,1),O(1,1)) on P1 × P1 which mutates
to give the non-strong collection (O,O(0,1)[−1],O(1,0),O(1,1)).
A helix in D is an infinite sequence of objects (Ei)i∈Z such that for each i ∈ Z the cor-
responding thread (Ei, . . . ,Ei+n−1) is a full exceptional collection in D, and the relation
(σ1 · · ·σn−1)(Ei+1, . . . ,Ei+n) = (Ei, . . . ,Ei+n−1)
is satisfied. Clearly a helix (Ei)i∈Z is uniquely determined by the full exceptional col-
lection (E0, . . . ,En−1); we say that the helix is generated by (E0, . . . ,En−1). Bondal
[5, Theorem 4.2] showed that any helix (Ei)i∈Z satisfies
Ei−n ∼= Ei ⊗ωZ for all i ∈ Z. (1)
These definitions certainly need to be modified for varieties Z not satisfying (†).
We shall call a helix (Ei)i∈Z in D excellent if for all i  j one has
HomkD(Ei,Ej ) = 0 unless k = 0.
Such helices were called geometric by Bondal and Polishchuk. An exceptional collection
(E0, . . . ,En−1) will be called excellent if it is a full collection which generates an excellent
helix. Equivalently this means that the collection is full, and for any integers 0  i, j 
n− 1 and any p  0
HomkD
(
Ei,Ej ⊗ωpZ
)= 0 unless k = 0.
In particular an excellent collection is strong. Bondal and Polishchuk showed that any
full exceptional collection of sheaves on a variety satisfying (†) is automatically excellent
[6, Proposition 3.3].
The importance of excellent collections is the following result [6, Theorem 2.3].
Theorem 3.2 (Bondal, Polishchuk). Any mutation of an excellent collection is again excel-
lent.
The motivating example for all this theory is the sequence of line bundles( )O,O(1), . . . ,O(n− 1)
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content of Beilinson’s theorem [1]. The helix generated by this collection is just (O(i))i∈Z.
3.2. The homomorphism algebra
Let (E0, . . . ,En−1) be a full, strong exceptional collection in D. The general theory of
derived Morita equivalence [25] shows that the functor
F = Hom•D
(
n−1⊕
i=0
Ei,−
)
:D→D(ModA)
is an equivalence, where ModA is the category of finite-dimensional right-modules for the
algebra
A = EndD
(
n−1⊕
i=0
Ei
)
.
This algebra is called the homomorphism algebra of the collection (E0, . . . ,En−1). Note
that A is finite-dimensional and has a natural grading
A =
n−1⊕
k=0
Ak =
n−1⊕
k=0
⊕
j−i=k
HomD(Ei,Ej ).
The degree zero part has a basis consisting of the idempotents
ei = idEi ∈ EndD(Ei),
and there are corresponding simple right-modules T0, . . . , Tn−1 defined by
dimC(Tj ei) = δij .
It is easy to check that all simple modules are of this form.
Proposition 3.3 (Bondal). Let (E0, . . . ,En−1) be a full, strong exceptional collection inD,
and define a new collection by
(F0, . . . ,Fn−1) = δ(E0, . . .En−1),
where δ ∈ An is the element defined in Lemma 2.1. Then these two collections are dual, in
the sense that
HomkD
(
Ei,Fn−1−j [j ]
)= {C if i = j and k = 0,0 otherwise.
The objects Fi are unique with this property.
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δ(E0, . . . ,En−1) = (Ln−1 En−1, . . . ,L1 E1,E0),
where for 1 i  n− 1 the object Li Ei is defined to be LE0 LE1 · · ·LEi−1 Ei . 
Under the equivalence F , the object Ei ∈ D is mapped to the projective module eiA
corresponding to the vertex i. Lemma 3.3 shows that the object
Sj = Fn−1−j [j ]
is mapped to the simple module Tj . Note also that Lemma 2.1 shows that mutations of the
collections (E0, . . . ,En−1) and (F0, . . . ,Fn−1) correspond to each other.
As an example, take the collection (O,O(1), . . . ,O(n− 1)) in D(Pn−1). The dual col-
lection, in the sense of Lemma 3.3, is
(
Ωn−1(n− 1), . . . ,Ω1(1),O),
where Ωi = ∧i T ∗ is the sheaf of holomorphic i-forms on Pn−1. This can be checked
directly by computing the cohomology groups of Proposition 3.3.
Proposition 3.4 (Bondal, Polishchuk). Let (E0, . . . ,En−1) be an excellent collection in D
and let A be the corresponding homomorphism algebra with its natural grading. Then A
is generated over A0 by A1 and is Koszul.
Proof. For the first statement it is enough to show that for 0 i < j  n − 1, the natural
map
HomD(Ei,Ej−1)⊗ HomD(Ej−1,Ej ) → HomD(Ei,Ej )
is surjective. Thus it is enough to show that
Hom1D(Ei,LEj−1 Ej) = 0.
This statement follows from the fact that the collection σj (E0, . . . ,En−1) is strong, which
in turn follows from Theorem 3.2.
The condition that A is Koszul is equivalent to the statement that the Yoneda algebra
A! = End•A
(
n−1⊕
j=0
Tj
)
is generated in degree one. Under the equivalence F described above, the simple mod-
ules Tj correspond to the objects Sj = Fn−1−j [j ]. By Theorem 3.2 the dual exceptional
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morphism algebra of the collection (F0, . . . ,Fn−1). Since the argument above shows that
this is generated in degree one, the result follows. 
The homomorphism algebra of an excellent collection can naturally be thought of as
the path algebra of a quiver with relations. The quiver has n vertices {0,1, . . . , n − 1}
corresponding to the idempotents ei , and for each 1 i  n− 1 has
di = dim HomD(Ei−1,Ei)
arrows going from vertex i − 1 to vertex i.
• d1 • d2 • · · · • dn−1 •
Since the algebra is Koszul the relations are quadratic [3].
3.3. Tilting and mutations
Given an excellent collection (E0, . . . ,En−1) in D, the corresponding equivalence
F = Hom•D
(
n−1⊕
i=0
Ei,−
)
:D→D(ModA)
allows one to pull back the standard t-structure on D(ModA) to give a t-structure on D
whose heart
A(E0, . . . ,En−1) ⊂D
is equivalent to the abelian category ModA. Let us call the subcategories of D obtained
from excellent collections in this way exceptional. Note that any exceptional subcategory is
a finite length abelian category with n simples S0, . . . , Sn−1. These simples have a uniquely
defined ordering (S0, . . . , Sn−1) in which
HomkD(Si, Sj ) = 0 unless i − j = k  0. (2)
Thus it is possible to talk about the ith simple object Si of an exceptional subcategory.
Proposition 3.5. Let (E0, . . . ,En−1) be an excellent collection in D, and let Si denote
the ith simple object of the exceptional subcategory A(E0, . . . ,En−1) ⊂D. Then for each
integer 1 i  n− 1 there is an identification of subcategories of D
( )
LSi A(E0, . . . ,En−1) =A σi(E0, . . . ,En−1) .
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A=A(E0, . . . ,En−1), A′ =A
(
E′0, . . . ,E′n−1
)
.
Let (S0, . . . , Sn−1) be the simple objects of A with their canonical ordering. The subcat-
egory LSi A is obtained by tilting A with respect to the torsion theory (T ,F), where T
consists of direct sums of Si , and
F = {E ∈A: HomA(Si,E) = 0}.
Note that Sj ∈F for every j = i. It will be enough to show thatA′ ⊂ LSi A, because if two
bounded t-structures have nested hearts then they are the same. Since A′ has finite length
it will be enough to show that every simple object of A′ is contained in either T [−1] or
in F .
Recall that if (F0, . . . ,Fn−1) is the dual exceptional collection to (E0, . . . ,En−1) then
Sj = Fn−1−j [j ]. Let (S′0, . . . , S′n−1) be the simple objects of A′ with their canonical or-
dering. By Lemma 2.1, the dual collection to (E′0, . . . ,E′n−1) is(
F ′0, . . . ,F ′n−1
)= σn−i (F0, . . . ,Fn−1),
and S′j = F ′n−j−1[j ]. For j /∈ {i − 1, i} we have S′j = Sj so that S′j ∈ F . Furthermore,
S′i−1 = Si[−1]. Thus the only thing to check is that S′i ∈F .
Now F ′n−i−1 = LFn−i−1 Fn−i , and rewriting the defining triangle
LFn−i−1 Fn−i −→ Hom•D(Fn−i−1,Fn−i )⊗ Fn−i−1
ev−→ Fn−i ,
we obtain a triangle
Hom1D(Si, Si−1)[−1] ⊗ Si
ev−→ Si−1 −→ S′i ,
where we have used (2) to see that Hom•D(Si, Si−1) is concentrated in degree 1. Rewriting
this triangle again shows that S′i is a universal extension in A
0 → Si−1 → S′i → Ext1A(Si, Si−1)⊗ Si → 0,
and applying the functor HomD(Si,−) it follows that S′i ∈F . 
Using this lemma the braid group action on exceptional collections described in
Lemma 3.1 can be translated into the following form.
Theorem 3.6. The Artin braid group An acts on the set of exceptional subcategories of D.
For each integer 1  i < n − 1 the generator σi acts by tilting a subcategory at its ith
simple object.
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D with corresponding ordered simple objects (S0, . . . , Sn−1). The categories LS0 A and
RSn−1 A are not covered by the above results. In general these categories are rather strange,
as the following example shows.
Example 3.7. Consider the case A = A(O,O(1)) ⊂ Db(CohP1) corresponding to the
excellent collection (O,O(1)) on P1. The dual collection is (O(−1),O) so that the sim-
ple objects of A are S0 = O and S1 = O(−1)[1]. The only objects E ∈ A satisfying
HomA(S0,E) = 0 are direct sums of copies of S1. Performing a left tilt at the simple
S0 leads to a category LOA which is finite length and has two simple objects S′0 =O[−1]
and S′1 =O(−1)[1]. Since
Ext1A′
(
S′0, S′1
)= 0 = Ext1A′(S′1, S′0),
the categoryA′ is semisimple, and so every object in the derived categoryD(A′) is a direct
sum of copies of shifts of S′0 and S′1. In particular, the only exceptional objects in D(A′)
are shifts of S′0 and S′1. It follows immediately that D(A′) is not equivalent to Db(CohP1),
so that the bounded t-structure whose heart is A′ is unfaithful.
4. Spherical collections and t-structures onDω
Recall our general assumption: Z is a smooth Fano variety satisfying
dimK(Z)⊗ C = 1 + dimZ,
and ωZ is the canonical bundle of Z, which we view both as an invertibleOZ-module, and
as a quasi-projective variety with a fibration π :ωZ → Z. The inclusion of the zero section
in ωZ will be denoted s :Z ↪→ ωZ . Define
Dω ⊂Db(CohωZ)
to be the full subcategory consisting of objects all of whose cohomology sheaves are sup-
ported on the zero section Z ⊂ ωZ . Of course, when we say an object E ∈ CohωZ is
supported on Z we mean only that its reduced support is contained in Z; the scheme-
theoretic support of E will in general be some non-reduced fattening of Z, and E will not
be of the form s∗F for any F ∈ CohZ.
4.1. The rolled-up helix algebra
Let (E0, . . . ,En−1) be an excellent collection in D and let (Ei)i∈Z be the helix it gen-
erates. The graded algebra
⊕ ∏
HomD(Ei,Ej )k0 j−i=k
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Z-action coming from the isomorphisms
⊗ωZ : HomD(Ei,Ej ) → HomD(Ei−n,Ej−n).
Define the rolled-up helix algebra to be the invariant subalgebra
B =
[⊕
k0
∏
j−i=k
HomD(Ei,Ej )
]Z
.
The degree zero part B0 has a basis consisting of the idempotents
ei =
∏
j≡i (n)
idEj ∈
∏
j
EndD(Ej ),
and there are corresponding simple right B-modules Ti defined by
dimC(Tj ei) = δij .
In contrast to the situation with the finite-dimensional algebras considered in the last sec-
tion these will not be the only simple B-modules.
Proposition 4.1. Let (E0, . . . ,En−1) be an excellent collection on D and let B be the
associated rolled-up helix algebra. Then the functor
Fω = Hom•ωZ
(
n−1⊕
i=0
π∗Ei,−
)
:Db(CohωZ) →Db(ModB)
is an equivalence of categories.
Proof. Note that π∗(OωZ) =
⊕
p0 ω
p
Z . The adjunction π∗  π∗ together with the projec-
tion formula shows that for arbitrary objects E and F of D(Z)
HomkωZ
(
π∗E,π∗F
)=⊕
p0
HomkD
(
E,F ⊗ωpZ
)
.
Since (E0, . . . ,En−1) is a excellent collection, it follows that
EndkωZ
(
n−1⊕
i=0
π∗Ei
)
=
{
B if k = 0,
0 otherwise.
Applying the adjunction π∗  π∗ again shows that for any object E ∈Dω( )
HomkωZ π
∗Ei,E = 0 for all k ∈ Z ⇒ π∗(E) = 0.
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implies that E ∼= 0. The statement then follows from the general theory of derived Morita
equivalence [25]. 
Under the equivalence Fω, the object π∗Ei is mapped to the projective module Pi =
eiB , and if (F0, . . . ,Fn−1) is the dual collection to (E0, . . . ,En−1) as in Lemma 3.3, then
the object
Sj = s∗
(
Fn−1−j [j ]
) (3)
is mapped to the simple module Tj .
Proposition 4.2. If (E0, . . . ,En−1) is an excellent collection in D then the corresponding
rolled-up helix algebra B is generated over B0 by B1 and is Koszul.
Proof. This is entirely analogous to the proof of Proposition 3.4. It is basically a corollary
of Bondal and Polishchuk’s result (Theorem 3.2). 
The graded algebra B can naturally be viewed as the path algebra of a quiver with
relations. The quiver has n vertices {0,1, . . . , n − 1} corresponding to the idempotents
ei ∈ B0. For each 1 i  n− 1 there are
di = dim HomD(Ei−1,Ei)
arrows from vertex i − 1 to vertex i. The only difference to the quivers considered in the
last section is that there are now
d0 = dim HomD(En−1,En)
arrows from vertex n− 1 to vertex 0. Thus the quiver is a cycle
• · · · •
•
d1
•
•
d0
•
•
dn−1
· · · •As before, the Koszul property implies that the relations are quadratic.
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affine space Cn with weights exp(2πi/n). The quotient variety X = Cn/Zn has an isolated
singularity; blowing it up gives the variety ωZ ; the resulting birational morphism ωZ → X
contracts the zero section Z ⊂ ωZ , and is a crepant resolution of singularities.
The abelian category of Zn-equivariant coherent sheaves on Cn is tautologically equiv-
alent to the module category ModR of the corresponding skew group algebra R =
C[x1, . . . , xn] ∗ Zn. We claim that the ring R is in fact isomorphic to the rolled-up he-
lix algebra B of the helix (O(i))i∈Z on Z, so that in this very special case, the equivalence
Fω can be thought of as an incarnation of the McKay correspondence.
To prove the claim, note first that the degree zero part of both graded algebras B and R is
the same, namely a semisimple algebra spanned by idempotents e0, . . . , en−1. Furthermore,
for all 0 i  j  n− 1 there are natural identifications
eiBej = eiRej = C[x1, . . . , xn](j−i),
where the right-hand side is the space of polynomials of degree congruent to j − i mod-
ulo n. It is easy to check that the maps
eiBej ⊗ ejBek → eiBek, eiRej ⊗ ejRek → eiRek
correspond to multiplication of polynomials, and so the claim follows.
A right-module M over B is said to be nilpotent if there is some natural number n such
that MBn = 0. Let Mod0 B ⊂ ModB denote the thick abelian subcategory consisting of
nilpotent modules. Since any module satisfying MB1 = 0 is a direct sum of copies of the
simple modules Ti , one sees that Mod0 B is a finite length category with simple objects
T0, . . . , Tn−1. In fact it is the smallest extension-closed subcategory of ModB containing
each module Ti .
Let Db0(ModB) ⊂Db(ModB) be the full subcategory consisting of objects whose co-
homology modules are nilpotent. It is not immediately clear whether this category can be
identified with the derived category Db(Mod0 B). A similar question arises as to whether
Dω is the derived category of the subcategory of CohωZ consisting of sheaves supported
on the zero section. But these questions will not be important for us.
Lemma 4.4. The equivalence
Fω :Db(CohωZ) →Db(ModB)
of Proposition 4.1 restricts to give an equivalence of full subcategories
Fω :Dω →Db0(ModB).
Proof. This is immediate since Dω is the smallest full triangulated subcategory of D con-
taining the objects Sj and Db0(ModB) is the smallest full triangulated subcategory of
bD (ModB) containing the simple modules Tj . 
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In Section 3, rather than working directly with a given exceptional subcategory of D,
we worked with the corresponding set of projective objects, which formed an exceptional
collection (E0, . . . ,En−1). We then used the braid group action on exceptional collections
to get a handle on the combinatorics of the exceptional subcategories. Of course, we could
equally well have worked with the simple objects of a given exceptional subcategory, which
are closely related to the dual exceptional collection (F0, . . . ,Fn−1).
In the next subsection we shall be interested in certain finite length abelian subcategories
ofDω. Neither the projective nor the simple objects of these subcategories form exceptional
collections. However, in this case, the simples are what Seidel and Thomas [28] called
spherical objects, and together they form what we shall call a spherical collection. In this
subsection we define an action of the group Bn on the set of spherical collections in Dω;
this will be used in the next subsection to analyse the combinatorics of the corresponding
subcategories of Dω.
Let n be the dimension of the variety ωZ . An object S ∈Dω is spherical if
HomkDω(S,S) =
{
C if k = 0 or n,
0 otherwise.
Since ωZ has trivial canonical bundle, and any object S ∈Dω has compact support, Serre
duality gives an isomorphism of functors
HomDω(S,−) ∼= HomDω
(−, S[n])∗.
The following result then follows from constructions given in [28].
Proposition 4.5 (Seidel, Thomas). If S ∈Dω is spherical then there is an autoequivalence
ΦS ∈ AutDω such that for any F ∈Dω there is a triangle
HomDω(S,F )⊗ S → F → ΦS(F ).
Furthermore, ΦS[1] ∼= ΦS , and one has relations
ΦS1 ◦ΦS2 ◦Φ−1S1 ∼= ΦΦS1 (S2),
for any pair of spherical objects S1, S2 ∈Dω.
The autoequivalences ΦS associated to spherical objects are often called twist functors.
A ready supply of spherical objects on ωZ is obtained by extending exceptional objects on
Z ⊂ ωZ by zero.
Lemma 4.6. If E ∈D is exceptional then s∗E ∈Dω is spherical. More generally, if E and
F are objects of D satisfying HomkD(E,F ) = 0 = HomkD(F,E) for all k = 0, then one
has
• ∗HomDω(s∗E, s∗F) = HomD(E,F )⊕ HomD(F,E) [−n].
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projective variety Y then a standard calculation shows that for any pair of objects E and F
of Db(CohZ) there is a spectral sequence
HompZ
(
E,F ⊗
q∧
N
)
⇒ Homp+qY (s∗E, s∗F),
where N is the normal bundle of Z in Y . Our result follows by taking Y to be the total
space of ωZ , so that N = ωZ , and computing Hom•Z(E,F ⊗ωZ) using Serre duality. 
Define a spherical collection of length n in Dω to be an ordered collection of spherical
objects (S0, . . . , Sn−1). The following action of the group Bn should be compared with the
action of An on exceptional collections described in Theorem 3.1. The formula given here
is justified by Proposition 4.10 below.
Lemma 4.7. The group Bn acts on the set of length n spherical collections in Dω . The
generator r acts by
r(S0, S1, . . . , Sn−1) = (Sn−1, S0, . . . , Sn−2),
and for 1 i  n− 1, the generator τi acts by
τi(S0, . . . , Sn−1) =
(
S0, . . . , Si−2, Si[−1],ΦSi (Si−1), Si+1, . . . , Sn−1
)
.
Proof. Note first that it is not necessary to define the action of τ0 since τ0 = r−1τ1r . As-
sume n 3 and consider the relation τ1τ2τ1 = τ2τ1τ2. This is easy to check directly using
the relations of Lemma 4.5; up to isomorphism both sides take the spherical collection
(S0, . . . , Sn−1) to the collection(
S2[−2],ΦS2(S1)[−1],ΦS2ΦS1(S0), S3, . . . , Sn−1
)
.
The other relations are either obvious or follow from this by conjugating by r . 
Note that the group of exact autoequivalences of Dω acts on the set of spherical collec-
tions in the obvious way: if Φ ∈ AutDω is an exact autoequivalence, and (S0, . . . , Sn−1) is
a spherical collection, then
Φ(S0, . . . , Sn−1) =
(
Φ(S0), . . . ,Φ(Sn−1)
)
.
The elements αi = ri(τ1 · · · τn−1)r−(i+1) ∈ Bn defined in Lemma 2.2 act on spherical col-
lections by autoequivalences.
Lemma 4.8. If (S0, . . . , Sn−1) is a spherical collection in Dω thenαi(S0, . . . , Sn−1) = ΦSi (S0, . . . , Sn−1) for 0 i  n− 1.
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We leave the details to the reader. 
4.3. T-structures and tilting
Let (E0, . . . ,En−1) be an excellent collection in D and let B be the correspond-
ing rolled-up helix algebra. The standard t-structure on Db(ModB) induces one on
D0(ModB) in the obvious way, and pulling this back using the equivalence
Fω :Dω →D0(ModB)
of Lemma 4.4 gives a bounded t-structure on Dω whose heart
B(E0, . . . ,En−1) ⊂Dω
is equivalent to Mod0 B . Let us call the subcategories of Dω obtained from excellent col-
lections in D in this way exceptional.
We shall also define a quivery subcategory of Dω to be one of the form Φ(B) ⊂ Dω
for some autoequivalence Φ ∈ AutDω and some exceptional subcategory B ⊂ D. Note
that the analogous definition in the last section would have given nothing new, since if
Φ ∈ AutD and A ⊂ D is an exceptional subcategory corresponding to the excellent col-
lection (E0, . . . ,En−1) then Φ(A) ⊂ D is the exceptional subcategory corresponding to
the excellent collection Φ(E0, . . . ,En−1).
Any quivery subcategory of Dω is a finite length abelian category with n simple ob-
jects S0, . . . , Sn−1. By (3) and Lemma 4.6 these simple objects are spherical. They have a
canonical cyclic ordering in which
HomkDω(Si, Sj ) = 0 unless 0 k  n and i − j ≡ k mod n. (4)
If B = B(E0, . . . ,En−1) is an exceptional subcategory then its simples are given by (3), and
thus have a canonical ordering (S0, . . . , Sn−1) compatible with the above cyclic ordering.
One consequence of the following result is that this statement does not extend in an obvious
way to quivery subcategories.
Proposition 4.9. Let (E0, . . . ,En−1) be an excellent collection in D, and let (Ei)i∈Z be
the helix it generates. If (S0, . . . , Sn−1) are the simples in the exceptional subcategory
B(E0, . . . ,En−1) with their canonical ordering, then ΦSn−1(Sn−1, S0, . . . , Sn−2) are the
simples in B(E−1,E0, . . . ,En−2) with their canonical ordering.
Proof. Let (F0, . . . ,Fn−1) = δ(E0, . . . ,En−1) be the dual collection. Since
(E−1, . . . ,En−2) = (σ1 · · ·σn−1)(E0, . . . ,En−1),
Lemma 2.1 shows that the dual collection to (E−1, . . . ,En−2) is( ) ( )
F ′0, . . . ,F ′n−1 = (σn−1 · · ·σ1)(F0, . . . ,Fn−1) = LF0(F1), . . . ,LF0(Fn−1),F0 .
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then
S′0 = s∗(F0) and S′j = s∗
(
LF0 Fn−j [j ]
)
for 1 j  n− 1.
For each 1 j  n−1, pushing forward the definition of a mutation and using Lemma 4.6
gives a triangle
s∗
(
LF0 Fn−j [j − 1]
)→ HomDω(s∗F0, s∗Fn−j )⊗ s∗(F0[j − 1])→ s∗(Fn−j [j − 1]).
Rotating the triangle and using (3) we can reinterpret this as a triangle
HomDω(Sn−1, Sj−1)⊗ Sn−1 → Sj−1 → s∗
(
LF0 Fn−j [j ]
)
.
From the definition of the twist functor ΦSn−1 it follows that S′j = ΦSn−1(Sj−1) for 1 
j  n− 1. Finally, any spherical object S ∈Dω satisfies ΦS(S) = S[1 − n]. Applying this
to Sn−1 shows that S′0 = ΦSn−1(Sn−1) which completes the proof. 
An ordered quivery subcategory of Dω is defined to be a quivery subcategory together
with an ordering of its simple objects compatible with the canonical cyclic ordering (4).
Note that an ordered quivery subcategory determines and is determined by the correspond-
ing spherical collection (S0, . . . , Sn−1).
Proposition 4.10. Suppose (S0, . . . , Sn−1) are the ordered simples of an ordered quivery
subcategory B ⊂ Dω. Then for any 0  i  n − 1 the tilted subcategory LSi B ⊂ Dω is a
quivery subcategory, and its simple objects with their canonical cyclic order are given by
the spherical collection τi(S0, . . . , Sn−1).
Proof. By applying a power of r to the spherical collection (S0, . . . , Sn−1) and thus chang-
ing the ordering of the simples we can assume that the simple we tilt at is S1, or in other
words, we can take i = 1. Furthermore, it is easy to see that we can apply an autoequiva-
lence of Dω without affecting the hypotheses or the conclusion of the proposition. Thus,
we may assume that
B = B(E0, . . . ,En−1)
is an exceptional subcategory, and using Proposition 4.9, we may assume further that
(S0, . . . , Sn−1) have the corresponding canonical ordering.
Consider the mutated exceptional collection(
E′0, . . . ,E′n−1
)= σ1(E0, . . . ,En−1).
We claim that the tilted subcategory LS1(B) is the exceptional subcategory B′ =
B(E′0, . . . ,E′n−1). The proof of this goes in exactly the same way as that of Proposition 3.5.
The simple objects of B′ with their canonical ordering are given by( )S1[−1], S′1, S2, . . . , Sn−1 ,
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0 → S0 → S′1 → Ext1B(S1, S0)⊗ S1 → 0.
As in Proposition 3.5 it follows that B′ = LS1(B). But by the definition of the twist functor
S′1 = ΦS1(S0) so the result follows. 
Combining this result with Lemma 4.7 gives our main theorem.
Theorem 4.11. There is an action of the group Bn on the set of ordered quivery subcate-
gories of Dω. For each integer 0 i  n− 1 the element τi acts on the underlying abelian
subcategories by tilting at the ith simple object.
We conclude this section with a remark concerning the exact sequence
1 −→ Fn −→ Bn h−→ An/〈γ 〉 −→ 1
of Lemma 2.2. Consider an ordered quivery subcategory B1 ⊂ Dω and its image B2 =
τ(B1) under the action of an element τ ∈ Bn. Using Proposition 4.9 we can find exceptional
subcategories B′1 and B′2 of Dω such that each subcategory Bi , with the chosen ordering of
its simples, is related to the corresponding exceptional subcategory B′i , with the canonical
ordering of its simples, by an autoequivalence Φi ∈ AutDω. Then the two exceptional
collections defining B′1 and B′2 are related by the action of some element of the coset h(τ)
in An. We shall not need this fact in what follows and we leave the proof to the reader.
5. The case Z =P2
In this section we study in more detail the case when Z = P2 is the projective plane.
Thus D denotes the derived category Db(CohP2) and Dω denotes the full subcategory of
Db(CohωP2) consisting of objects whose cohomology sheaves are supported on the zero
section. Note that in this case ωZ is the line bundle O(−3). An exceptional collection of
length three will be called an exceptional triple.
5.1. Markov triples
Exceptional collections on P2 were studied in detail by Gorodentsev and Rudakov [16,
17]. They discovered a connection between exceptional triples and a certain Diophantine
equation called the Markov equation.
Definition 5.1. A Markov triple is an ordered triple of positive integers (a, b, c) satisfying
the equation
a2 + b2 + c2 = abc.
The set of Markov triples will be denoted Mar.
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ple 3.2].
Proposition 5.2 (Gorodentsev, Rudakov). If (E0,E1,E2) is a strong exceptional triple
in D, then the positive integers (a, b, c) defined by
a = dim HomD(E0,E1), b = dim HomD(E1,E2), c = dim HomD(E0,E2)
form a Markov triple.
It turns out that the space Mar carries a natural action of the group PSL(2,Z). Recall
that
PSL(2,Z) = Z3 ∗ Z2 =
〈
w,v: w3 = v2 = 1〉
where w, v and u = wv can be represented by the matrices
u =
(
1 0
1 1
)
, v =
(
0 −1
1 0
)
, w =
(
0 1
−1 1
)
,
respectively. Define an action of PSL(2,Z) on the set Mar of Markov triples by the oper-
ations
w : (a, b, c) → (c, a, b), v : (a, b, c) → (b, a, ab − c).
The following result is due to Markov. For the readers convenience, and since we could not
find the exact statement in the literature, we include a proof, essentially lifted from Cassels
[10].
Proposition 5.3. The induced action of the normal subgroup
Γ 3 = Z2 ∗ Z2 ∗ Z2 =
〈
v,w−1vw,wvw−1
〉⊂ PSL(2,Z)
of index three on the set Mar of Markov triples is free and transitive.
Proof. For the description of Γ 3 as a free product see [24, Theorem 1.3.2]. Define the
weight of a Markov triple (a, b, c) to be the product abc. It is enough to show that for any
Markov triple (a, b, c) = (3,3,3), exactly one of the triples
(b, a, ab − c), (c, ac − b, a), (bc − a, c, b), (5)
has smaller weight. Indeed, this implies that for each (a, b, c) ∈ Mar there is a unique
element of Γ 3 taking (a, b, c) to (3,3,3).
To prove the claim, first suppose that a, b, c are not all distinct. Without loss of gener-
ality assume that b = c. Then a2 + 2b2 = ab2 and b divides a. Writing a = db it follows
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can be checked directly.
Thus we can assume that a, b, c are distinct, and without loss of generality we can take
a > b > c. Note that
c(ab − c) = a2 + b2.
Since a2 + b2 > c2 it follows that ab− c > c so that the first triple of (5) has larger weight
than (a, b, c). The same argument applies to the second triple.
Reducing modulo three shows that each of a, b and c is divisible by three. Consider the
quadratic function
f (t) = t2 + b2 + c2 − tbc.
This has roots a and bc − a. Since f (b) < 3b2 − b2c  0 it follows that b lies between
these two roots, and hence bc − a < a. Thus the third triple of (5) has smaller weight than
(a, b, c). 
It is natural to view the points of Mar as the vertices of a graph, with two triples being
connected by an edge if they are obtained one from the other by one of the generators v,
w−1vw, wvw−1 of Γ 3. Clearly, the resulting graph is a tree, and is just the Cayley graph of
Γ 3 with respect to the given generators. This tree is known as the Markov tree; it is perhaps
most natural to draw it in the hyperbolic plane because PSL(2,R) is the corresponding
group of isometries.
5.2. T-structures on D
Gorodentsev and Rudakov showed that if (E0,E1,E2) is an exceptional triple in D
then each object Ei is a shift of a locally-free sheaf on P2. They also proved the following
transitivity result.
Proposition 5.4 (Gorodentsev, Rudakov). The braid group A3 acts transitively on the set
of exceptional triples of sheaves on P2.
It follows that an exceptional triple in D is excellent if and only if it is a shift of an
exceptional triple of sheaves. Let Str(P2) denote the set of exceptional subcategories ofD.
We consider Str(P2) as a graph in which two subcategories are linked by an edge if they
are related by a tilt at a simple. Proposition 5.4 implies that the connected components of
the graph Str(P2) are indexed by the integers, and all components are isomorphic.
It is well known that there is a short exact sequence
1 −→ Z −→ A3 f−→ PSL(2,Z) −→ 1,
where the map f takes the generators σ1, σ2 of B3 to the elements w−1v and vw−1 of
PSL(2,Z) respectively. The kernel of f is generated by the element γ = (σ1σ2)3.
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T :Str
(
P
2)→ Mar
by sending an exceptional subcategory A ⊂ D with ordered simples (S0, S1, S2) to the
triple of positive integers
a = dim Hom1D(S1, S0), b = dim Hom1D(S2, S1), c = dim Hom2D(S2, S0).
These form a Markov triple by Proposition 5.2 since the Homs between the simples are
just the Homs between the objects of the exceptional collection dual to the one definingA.
Theorem 5.5. The action of the group A3 on the set Str(P2) of exceptional subcategories
of D is free. The map T is equivariant, which is to say
T (σA) = f (σ )T (A),
for any exceptional subcategory A⊂D and any element σ ∈ A3. Two subcategories lie in
the same fibre of T precisely if they are related by an autoequivalence of D.
Proof. First we show that T is equivariant. Let A = A(E0,E1,E2) be an exceptional
subcategory of D. If
(F0,F1,F2) = δ(E0,E1,E2)
is the dual collection, then the simple objects of A with their canonical ordering are
(F2,F1[1],F0[2]). If we apply σ1 to A then by Lemma 2.1 the dual collection changes
by σ2. Thus the new simples are (F1,LF1(F2)[1],F0[2]). Consider the defining triangle
LF1(F2) → HomD(F1,F2)⊗ F1 → F2.
Applying the functor HomD(−,F1) immediately gives
HomD
(
LF1(F2),F1
)= HomD(F1,F2).
Applying the functor HomD(F0,−) and using the fact that the mutated collection is strong
gives a short exact sequence
0 → HomD
(
F0,LF1(F2)
)→ HomD(F1,F2)⊗ HomD(F0,F1) → HomD(F0,F2) → 0.
Thus if T (A) = (a, b, c) then
T
(
σ1(A)
)= (a, ab − c, b) = (w−1v)(a, b, c) = f (σ1)T (A).
A similar argument for σ2 completes the proof of equivariance.
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ceptional subcategory A⊂D. Since the action of PSL(2,Z) on Mar is transitive we may
assume that T (A) = (3,3,3). By Proposition 5.3, the stabilizer subgroup of (3,3,3) in
PSL(2,Z) is generated by w. Since f (ζ ) = w and the kernel of f is generated by ζ 3 it
follows that σ = ζ k for some integer k.
By the relation (1) the element γ = ζ 3 acts on exceptional collections by twisting by
the anticanonical bundle. If L is any ample line bundle on Z then the only objects of D
satisfying E ⊗ L ∼= E are those supported in dimension zero, and these cannot be excep-
tional since they are not rigid. Since the element σk = ζ 3k of A3 fixes A, and hence the
exceptional objects which define it, it follows that k = 0, which proves that the action is
free.
For the last statement, note first that one implication is trivial since T is defined in
terms of dimensions of Hom spaces, and these are preserved by autoequivalences. For the
converse, observe that the action of AutD on Str(P2) commutes with the action of A3,
so it will be enough to check that if two exceptional subcategories A1 and A2 both lie
over (3,3,3) then they differ by an autoequivalence. By Proposition 5.4 the action of A3
on Str(P2) is transitive (up to shift) so we can assume that A1 =A(O,O(1),O(2)) and
A2 = σ(A) for some σ ∈ A3. But as above, σ = ζ k for some integer k, and so
A2 = σ(A1) =A
(O(k),O(k + 1),O(k + 2)),
which differs from A1 by tensoring with the line bundle O(k). 
5.3. T-structures on Dω
Consider now the corresponding picture for the category Dω. The exact sequence of
Proposition 2.2 takes the form
1 −→ Z ∗ Z ∗ Z −→ B3 g−→ PSL(2,Z) −→ 1,
where the map g is given by
g(r) = w, g(τi) = wi+1vw1−i for i ∈ Z3.
Let Strω(P2) denote the set of ordered quivery abelian subcategories ofDω. We can define
a map
T :Strω
(
P
2)→ Mar
by sending a quivery subcategory with ordered simples (S0, S1, S2) to the positive integers
a = dim Hom1Dω(S1, S0), b = dim Hom1Dω(S2, S1), c = dim Hom1Dω(S0, S2).
Once again, these integers form a Markov triple because by (3) and Lemma 4.6 the Hom
spaces coincide with Hom spaces between the objects of an exceptional collection.
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gories of Dω is free. The map T is equivariant, which is to say
T (τB) = g(τ)T (B),
for any ordered quivery subcategory B ⊂ Dω and any element τ ∈ B3. Two ordered sub-
categories lie in the same fibre of T precisely if they are related by an autoequivalence
of Dω.
Proof. The proof of the equivariance of T is almost the same as the one given in the last
subsection and we omit it. However the proof that the action of B3 is free is somewhat
more complicated in this case. Suppose an element τ ∈ B3 fixes an ordered quivery sub-
category with simples (S0, S1, S2). Since the action of PSL(2,Z) on Mar is transitive, we
can assume that T (S0, S1, S2) = (3,3,3). The stabilizer subgroup of (3,3,3) in PSL(2,Z)
is generated by w, and g(r) = w, so for some integer k the element τrk ∈ Bn lies in the
kernel of the map g, which is freely generated by the elements α0, α1, α2 of Lemma 2.2.
Thus it will be enough to show that the subgroup Γ ⊂ B3 generated by α1 and r acts freely
on the fibre
F = T −1(3,3,3) ⊂ Strω
(
P
2).
The Grothendieck group K(Dω) is a rank three free abelian group. The Euler form
defines a skew-symmetric bilinear form on K(Dω). Any autoequivalence of Dω induces
an isometry of K(Dω). The quotient of K(Dω) by the kernel of the Euler form is a rank
two abelian group Λ with an induced non-degenerate skew-symmetric form. Any ordered
quivery subcategory B ⊂ Dω determines three ordered simples objects (S0, S1, S2) and
hence a basis ([S0], [S1], [S2]) of K(Dω) and a basis ([S0], [S1]) of Λ.
We claim that if B ⊂Dω is an ordered quivery subcategory of Dω lying in the fibre F ,
then so are α1(B) and r(B), and the corresponding bases of Λ are related by the matrices
u3 =
(
1 0
3 1
)
and w−1 =
(−1 1
−1 0
)
,
respectively. By Lemma 4.8, if the ordered simples of B are (S0, S1, S2) then the ordered
simples of α1(B) are given by ΦS1(S0, S1, S2). Since B lies in the fibre F we have equali-
ties in K(Dω) [
ΦS1(S0)
]= [S0] + 3[S1], [ΦS1(S1)]= [S1]
which gives the first matrix. The fact that B lies in the fibre F implies that the kernel of the
Euler form is generated by [S0] + [S1] + [S2]. This means that [S2] = −[S0] − [S1] in Λ
which gives the second matrix.
According to [24, Theorems 1.7.4, 1.7.5 and Table 4], the elements u3,wu3w−1 and
w−1u3w freely generate the normal subgroup〈 〉Γ (3) = Z ∗ Z ∗ Z = u3,w−1u3w,wu3w−1 ⊂ PSL(2,Z),
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Finally we have to prove that any two ordered quivery subcategories B1, B2 lying over
(3,3,3) differ by an autoequivalence. Using Lemma 4.9 we can assume that the two sub-
categories are in fact exceptional and that the simples have the corresponding canonical
ordering. Thus by Proposition 5.4, we can take B1 = B(O,O(1),O(2)) and B2 = τ(B1)
for some τ ∈ B3. As above, it follows that for some integer i the element τri lies in the
kernel of g. But the kernel of g acts by autoequivalences, and by Proposition 4.9, applying
ri(B1) differs from B1 by an autoequivalence, so the result follows. 
Acknowledgments
This paper has benefited from conversations I had with many mathematicians; I’d par-
ticularly like to thank Phil Boalch, Alastair King and Michel Van den Bergh.
References
[1] A.A. Beilinson, Coherent sheaves on Pn and problems of linear algebra, Funktsional. Anal. i Prilo-
zhen. 12 (3) (1978) 68–69. English translation in Funct. Anal. Appl. 12 (1978).
[2] A.A. Beilinson, J. Bernstein, P. Deligne, Faisceaux Pervers, Astérisque 100 (1983).
[3] A.A. Beilinson, V. Ginzburg, W. Soergel, Koszul duality patterns in representation theory, J. Amer. Math.
Soc. 9 (2) (1996) 473–527.
[4] J.S. Birman, Braids, Links and Mapping Class Groups, Ann. of Math. Stud., vol. 82, Princeton Univ. Press,
1974.
[5] A.I. Bondal, Representation of associative algebras and coherent sheaves, Izv. Akad. Nauk SSSR Ser.
Mat. 53 (1989) 25–44. English translation in Math. USSR-Izv. 34 (1) (1990) 23–44.
[6] A.I. Bondal, A.E. Polishchuk, Homological properties of associative algebras: the method of helices, Izv.
Ross. Akad. Nauk Ser. Mat. 57 (2) (1993) 3–50. English translation in Russian Acad. Sci. Izv. Math. 42 (2)
(1994) 219–260.
[7] S. Brenner, M.C.R. Butler, Generalizations of the Bernstein–Gelfand–Ponomarev reflection functors, in:
Representation Theory, II, Proc. Second Internat. Conf., Carleton Univ., Ottawa, Ontario, 1979, in: Lecture
Notes in Math., vol. 832, Springer, Berlin, 1980, pp. 103–169.
[8] T. Bridgeland, Stability conditions on triangulated categories, Preprint, math.AG/0212237.
[9] T. Bridgeland, Stability conditions on O
P2 (−3), in preparation.
[10] J.W.S. Cassels, The Markoff chain, Ann. of Math. 50 (1949) 676–685.
[11] W.-L. Chow, On the algebraical braid group, Ann. of Math. 49 (1948) 654–658.
[12] L. Costa, R.M. Miró-Roig, Tilting bundles, helix theory and Castelnuovo–Mumford regularity, Preprint.
[13] B. Feng, A. Hanany, Y.-H. He, A. Iqbal, Quiver theories, soliton spectra and Picard–Lefschetz transforma-
tions, J. High Energy Phys. 2 (2003) 056. Also hep-th/0206152.
[14] S. Franco, A. Hanany, Y.-H. He, A trio of dualities: walls, trees and cascades, Proc. 36th Internat. Symp.
Ahrenshoop on the Theory of Elementary Particles, Fortschr. Phys. 52 (6–7) (2004) 540–547. Also hep-
th/0312222.
[15] S.I. Gelfand, Yu.I Manin, Methods of Homological Algebra, Springer, 1996.
[16] A.L. Gorodentsev, Surgeries of exceptional bundles on Pn, Izv. Akad. Nauk SSSR Ser. Mat. 52 (1) (1988)
3–15. English translation in Math. USSR-Izv. 32 (1) (1989) 1–13.
[17] A.L. Gorodentsev, A.N. Rudakov, Exceptional vector bundles on projective spaces, Duke Math. J. 54 (1)
(1987) 115–130.
[18] L. Hille, Consistent algebras and special tilting sequences, Math. Z. 220 (2) (1995) 189–205.
[19] D. Happel, I. Reiten, S.O. Smalø, Tilting in abelian categories and quasitilted algebras, Mem. Amer. Math.Soc. 120 (575) (1996).
T. Bridgeland / Journal of Algebra 289 (2005) 453–483 483[20] M.M. Kapranov, The derived category of coherent sheaves on a quadric, Funktsional. Anal. i Prilo-
zhen. 20 (2) (1986) 67. English translation in Funct. Anal. Appl. 20 (1986).
[21] B.V. Karpov, D.Yu. Nogin, Three-block exceptional sets on del Pezzo surfaces, Izv. Ross. Akad. Nauk Ser.
Mat. 62 (3) (1998) 3–38. English translation in Russian Acad. Sci. Izv. Math. 62 (3) (1998) 429–463.
[22] R.P. Kent IV, D. Peifer, A geometric and algebraic description of annular braid groups, Internat. J. Algebra
Comput. 12 (1 & 2) (2002) 85–97.
[23] D.O. Orlov, An exceptional set of vector bundles on the variety V5, Vestnik Moskov. Univ. Ser. I Mat.
Mekh. 5 (1991) 69–71. English translation in Moscow Univ. Math. Bull. 46 (5) (1991) 48–50.
[24] R.A. Rankin, Modular Forms and Functions, Cambridge University Press, 1977.
[25] J. Rickard, Morita theory for derived categories, J. London Math. Soc. 39 (3) (1989) 436–456.
[26] A.N. Rudakov, et al., Helices and Vector Bundles: Seminaire Rudakov, London Math. Soc. Lecture Note
Ser., vol. 148, Cambridge University Press, Cambridge, 1990.
[27] A.N. Rudakov, Exceptional vector bundles on a quadric, Izv. Akad. Nauk SSSR Ser. Mat. 52 (4) (1988)
788–812, 896. English translation in Math. USSR-Izv. 33 (1) (1989) 115–138.
[28] P. Seidel, R.P. Thomas, Braid group actions on derived categories of coherent sheaves, Duke Math. J. 108 (1)(2001) 37–108.
